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In this second part, the piecewise paraholic,finite analytic method (PPFAM) is used to discretize the 
stream function and vorticity equutions. The numerical scheme thas obtained is ased to simulate a 
laminar cavity,flow and a luminur backward-facing step,flow. The numerical simulation shows that the 
PPFAM is the least affected by numerical dtffasion when compared with more traditional numerical 
schemes and that it can provide a stable and accurate numerical solution for real flow problems. 
Furthermore, compared with other numerical schemes, the PPFAMproduces a stable, convergent, and 
more accurate solution for the cavity flow w+th the lurgestflovz’ rate value, ITI,,,,,, for Reynolds numbers 
rangingfrom IO to 2000. When compared with available experimental and numerical results, the PPFAM 
produces the largest and most accurate reattachment length for the backward-facing step channelfloM>. 
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Introduction 
There is no standard procedure to test a novel numerical 
scheme. It is, nevertheless, generally accepted that 
recirculating flows are difficult to predict and that they 
can provide a means for comparison among different 
numerical schemes. In this paper the piecewise para- 
bolic finite analytic method (PPFAM) developed in Part 
1’ is used to solve two recirculating laminar flows, 
namely a cavity flow and an asymmetric plane ex- 
pansion flow (backward- or rearward-facing step flow). 
Preference is given to laminar flows to avoid difficulties 
with turbulence modelling, which can significantly af- 
fect the results and lead to false conclusions about the 
numerical schemes themselves. 
The first flow to be examined is the cavity flow. It is 
used to compare the PPFAM with more traditional 
numerical schemes, such as the central differencing 
scheme (CDS), the upwind numerical scheme (UDS) 
and with the predecessor of the present method the 
finite analytic method (FAM) developed by Chen.’ All 
schemes produce similar-looking streamline patterns; 
however the CDS and FAM both have an upper Reyn- 
olds number for which they produce convergent results. 
One of the criteria to be used to decide the relative 
merits of the different schemes is the value of the in- 
nermost streamline. It is assumed that the greater the 
number the lesser the effect of numerical diffusion. 
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Sudden expansion flows are characterized by a flow 
separation right after the expansion. This generates a 
trapped vortex. The flow reversal after the expansion 
has a significant effect over the whole flow in the 
vicinity of the expansion. Because of its nature it is 
difficult to measure and predict. In the present applica- 
tion the flow over a backward-facing step is chosen 
because a single parameter, the reattachment distance, 
can be used to compare results from calculations with 
experimental data (Armaly et al.’ and Morgan et a1.4). 
The governing equations 
Let us consider the numerical simulation of a two- 
dimensional, incompressible, laminar non-Newtonian 
fluid flow with constant viscosity. The governing equa- 
tions are the continuity equation and momentum or 
Navier-Stokes equations. 
The continuity equation reads 
&A _+aO,() 
ax ay (1) 
where x, y are the coordinates and 14, u are the velocity 
components in x and y directions, respectively. 
The momentum equation takes the form of the 
Navier-Stokes equation, which reads in x direction 
u~+“~+!?+e_!_~ 
and in y direction 
(2) 
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Equation (1) together with equations (2) and (3) 
constitute the governing equations in the primitive vari- 
ables. For two-dimensional flows sometimes prefer- 
ence is given to using the governing equations with 
stream function and vorticity function as dependent 
variables; this is because the continuity equation is au- 
tomatically satisfied. Now let 
a* 
u=- 
ay 
a* u=-- 
ax 
(4) 
(5) 
(6) 
where ? is the stream function and 5 is the vorticity 
function. 
By substituting equations (4) and (5) into equation 
(6), we get the governing equation for stream function as 
follows: 
a2* a2* 
2+jjT=-i (7) 
The vorticity equation can be derived from equations 
(2) and (3), and (6) and takes the form 
U-3) 
Equations (7) and (8) constitute the governing equa- 
tions for two-dimensional fluid flow with q and 5 as 
dependent variables. 
To make the above problem well posed, we need to 
specify the boundary conditions for velocity, stream 
function, and vorticity function. For velocity at the wall 
boundaries the boundary condition is the nonslip condi- 
tion, whereas the inlet and outlet velocity boundary 
conditions are specified according to the flow consid- 
ered. The boundary conditions for stream function are 
specified using the relationship between the flow rate 
and the value of stream function and physical proper- 
ties. For vorticity we only need to specify the discrete 
boundary conditions along the wall, which are derived 
from the definition of vorticity and the nonslip condi- 
tion. As an example, we present the discretized vortic- 
ity boundary condition along the upper wall shown in 
Figure I (for details see Roach’), as follows: 
W 
.,~,..r.,‘ri’.,,,““‘~ 
I An 
+ 
(9) 
Numerical model 
Different numerical methods can be used to discretize 
the governing equations for stream function and vortic- 
ity function. In this study, the PPFAM is presented, 
and its numerical results are compared with those pro- 
duced by the CDS, UDS, and FAM. 
The governing equation for the stream function is 
given by equation (7) and the numerical grid for the dis- 
cretization of equation (7) is shown in Figure 2. The 
PPFAM for the stream function, equation (7), can be 
written in the following form: 
where C,,,, . . . , C, are the piecewise parabolic finite 
analytic coefficients and their special expression can be 
found as follows: 
Let A, = A,, = 0 and simplify the PPFAM coef- 
ficients expressions that appear in the Appendix of Part 
I’ to obtain the coefficients that read 
C ,,‘, = C,,,,. = C,,, = C s,,. = 0.25 - 2E, 
C,,,. = C,,. = C,,.,. = C,?,. = 2E, 
Es= i: 
(- 1y-’ 
,, = , cash VQ;,, ,)(A~,, ,U3 
h2 
c, = x 
2(1 + (u) 
where 
h* 
(Y =-I,&,,_, = 
(2n - l)?T 
ht 2h, 
,hZn-, = (2n - 
2hx 
The velocities can be obtained with the CDS applied 
to the definition equations (4) and (5), namely 
(15) 
(11) 
(12) 
(13) 
(14) 
l)r 
(16) 
YA 
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Figure 1. Near wall cell Figure 2. Typical internal cell. 
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number equals 2000 only the upwind numerical scheme 
and the PPFAM converge to a solution. The FAM 
diverges because of the presence of negative coef- 
ficients when Re = 500. It is worth noticing that consis- 
tently the PPFAM gives the largest value for the maxi- 
mum streamline, which indicates that it is the least 
affected by numerical diffusion and thus the most accu- 
rate. For Reynolds number equals 2000 the upwind 
numerical scheme gives Iq\Irl,,, = 0.047 whereas the 
PPFAM gives jY/,,, = 0.1002. At this Reynolds num- 
ber two solutions are obtained with the PPFAM de- 
pending on the initial streamline distribution specified. 
One is similar to that in Ref. 6; the other is similar to that 
in Ref. 7. The UDS gives only one solution similar to 
that in Ref. 6, independent of the initial guess. This 
seems rather controversial because we would like to 
believe that the Navier-Stokes equation has a unique 
solution. But, by inspecting Figure 6 it is clear that both 
solutions are physically quite reasonable. To evaluate 
the computational effort involved in the numerical sim- 
ulation using PPFAM, a test was carried out to calculate 
the CPU time ratio between the PPFAM and UDS. 
Table 2 shows the results obtained based on a grid 65 by 
6.5. It can be seen the overall CPU time ratio ranges from 
1.43 to 2.5, which is quite an acceptable increase, espe- 
cially when the advantages in accuracy of the PPFAM 
solution are considered. The CPU time of the PPFAM 
may be significantly reduced by using the multigrid 
technique, which is a recently developed technique in 
CFD. 
The numerical scheme for the vorticity equation can 
be obtained by discretizing equation (8) in the finite 
domain shown in Fig~lve 2. With the PPFAM technique 
it can be written in the following form: 
i.EJ = C&L + C,,, 5fK + C,,,.L,. + C,,.,.L.,. + C&L<. 
+ C.S<L,;, + C.Y‘L,<. + C.,L,,. (17) 
where C ,,‘,, . . . , C,,,. are the piecewise parabolic finite 
analytic coefficients whose expressions can be found in 
the Appendix of Part 1.’ 
Numerical simulation of the cavity flow 
As a first test of the PPFAM, the numerical simulation 
of the cavity flow is performed. 
As shown in Figure 3, the cavity flow in the present 
study is induced by the top cover, which moves at speed 
U,,. The physical constants describing the cavity flow 
are as follows: U, = I .Om/s, h = 1 .O m, L = I .O m, and 
u = 0.1 - 5.0 x lop4 m2/s. 
The above cavity flow is assumed to be two-dimen- 
sional, laminar, steady, incompressible, Newtonian 
flow with constant viscosity. Therefore, the flow obeys 
governing equations (4)-(S). 
The boundary conditions for velocity read 
u C/h = Uh<. = ll,d = 0 
IJ <lb = Vh< = V,d = v,,, = 0 
ll <Id = u0 
The corresponding stream function boundary condi- 
tions are the following: VToh = q\I/,, = VI<<, = Vdrr = 0. 
The discrete boundary conditions for vorticity along 
the wall are given by equation (9). 
We can solve the coupled algebraic equations, equa- 
tion (10) for stream function, and equation (17 ) for 
vorticity, simultaneously to obtain the flow field using 
the Gauss-Siedel iteration method. 
Figures4,5, and 6 present the results obtained for the 
cavity flow with different numerical schemes and Reyn- 
olds numbers ranging from 10 to 2000. For each Reyn- 
olds number the same number of uniform cells are used. 
Table I gives the values of the maximum streamline 
calculated for each Reynolds number by each scheme. 
For example, with Reynolds number equals 10 all 
schemes give a solution, whereas with Reynolds num- 
ber equals 500 the CDS diverges, and for Reynolds 
ull 
Figure 3. Cavity configuration. 
Numerical simulation of the backward-facing 
step flow 
Another well-known test problem for numerical 
schemes is the channel flow over a backward-facing 
step. One of the challenges in the prediction of this flow 
is the determination of the position of reattachment 
point. Here, the solution by the PPFAM is presented 
and the numerical results compared with those obtained 
from other numerical methods and with available exper- 
imental data.8,9 
The geometry of the flow over a backward facing step 
is shown in Figure 7. The following geometrical param- 
eters define the flow domain: L = 21 m (the length of 
the channel); 1 = 3 m (the distance of the inflow to the 
corner of the step); H = 1.5 m (height of the channel 
after the step); and h = 1.0 m (height of the channel 
before the step). 
The boundary conditions for u, v, v’, and 5 are 
specified as follows. At the entrance the inlet flow is 
assumed fully developed. Thus, a parabolic velocity 
prolile is used as the boundary condition. Namely 
(18) 
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Figure 4. Streamline contours for cavity flow with Re = 10. 
Table 1. Iql,,,,, for the cavity flow. 
0.6 
0.6 
0.5 
0.4 
0.3 
0.2 
:::i 
0.0 0.1 0.2 O-3 0.4 O-5 0.6 0.7 0.6 0.9 1.0 
PPFAM with 11 Xl 1 Cells Re = 10 
Re = 10 Re = 100 Re = 500 Re = 1000 Re = 2000 
CDS 0.0832 No solution No solution No solution No solution 
UDS 0.0836 0.0920 0.0840 0.0650 0.0470 
FAM 0.0839 0.0890 0.0851 No solution No solution 
PPFAM 0.0947 0.0997 0.10833 0.1023 0.1002 
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Figure 5. Streamline contours for cavity flow with Re = 500. 
(21) 
The wall boundary conditions are the standard adher- 
ence of the flow to the walls of the channel. Thus, we 
have 
&V,II = Gall = 0 (22) 
yfabrd = 0 (23 
qf<, = TInax (24) 
1 
0.1 1 
0.0 b 
a0 0.1 0.2 CU 0.4 OS 0.6 0.7 08 0.9 
FAU with 41 X41 Cells AC = 500 
7 
1 .f 
The wall boundary conditions for vorticity in the dis- 
cretized form are given by equation (9). However, at 
corner D, we use the zero vorticity condition, i.e. 
!L = 0 (25) 
At corner E, the vorticity takes the form 
5,. = 
w,,. - WM.,) + wJw - VW.*) 
Anl* A n2* 
Corners D and E are shown in Figure 8. 
(26) 
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Figure 6. Streamline contours for cavity flow with Re = 2000. 
Table 2. CPU time ratio between PPFAM and UDS for the cavity 
flow. 
Re = IORe = IOORe = 500Re = 1000Re = 2000 
CPU ratio 1.43 1.89 2.5 1.63 1.97 
LAFTT] 
1 
D C 
Figure 7. The backward-facing step channel configuration. 
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PPFAM with 61X61 Cells Rc = 2000 
1 
For simplicity, the outlet boundary conditions are 
expressed as follows: 
au -= 0 
an-,ut,et 
(27 1 
V outlet = 0 (28) 
N -= 0 
ax,,,,,, 
(2% 
eg 0 -= 
~%“,I,, 
(30) 
Of course, a fully developed profile may be specified as 
the outlet boundary condition if desired. 
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where Re = (H - h)U,,,,,Iv and U,,, is the maximum 
inlet velocity. 
As shown in Figure IO and Figure II, the upwind 
difference scheme gives a solution for the channel flow 
with a backward-facing step that is affected by sig- 
nificant numerical diffusion and, accordingly, gives a 
small reattachment length. The FAM gives a similar 
result. However, the PPFAM produced the largest 
reattachment length. Furthermore, its results compare 
well with available experimental data. Table 3 lists the 
reattachment lengths obtained by the UDS, FAM, 
PPFAM, and some experimental data. It shows that the 
PPFAM provides the best results for the backward- 
facing step channel flow. 
Figure 8. Typical corner cell. 
The discretized flow field is divided into two regions, 
one upstream and the other downstream of the step. 
Each one is subdivided with regular cells or finite ele- 
ments that are described, respectively, by the spacing, 
(h,,, h,) for the first region and (h_y2r h,.) for the second 
region. In this way a series of irregular cells is generated 
right at the expansion if h.,, and h,, are not the same. If 
the grid is regular the discretization of the governing 
equations is the same as the one used for the cavity flow. 
However, the numerical schemes for the governing 
equations take a different form if the grid shown in 
Figure 9 is used. 
For the stream function equation and vorticity func- 
tion, the numerical scheme for irregular cells reads 
V[, = 1 
2 p,+i ( > 1 
P, [T,,,. + q.,, 1 
a 
and 
+ C,,,,.ln,,. + C,,.,.l,,.,. + C.,,,.L,. 
+ [Cm. + (1 - ~I,)C,&,,~~ 
+ [C,, + (1 - ~,,)C,,15.xJ (311 
Y P 
n-v nc nf? 
I I 
Figure 9. Typical irregular cell. 
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a) Upwind mhcnr 
where 
h ,=“2, h xl 
h 
cy,, = - 
I I h x2 
-0.45 -0.45 -G.~ 
-0.45 -0.45 
-o.:Et -0.18 -0.13 
b) Finite analytic mximd 
where C,,, . . . , C,,. are the regular coefficients with h, 
= h,, and hy. 
The Gauss-Seidel iteration method is also used here 
to solve simultaneously the coupled discrete stream 
function and vorticity function equations. The UDS, 
the FAM, and the PPFAM are used, respectively, to 
perform the numerical simulation for the following 
cases: 
0.45 -0.45 -0.45 --_o,q5 
-O.45 -0.45 -0.45 -0.45 -0.45 a.18 -0.18 -0.78 
-0.18 
.O.ia 
1. Re = 10, H = 1.5 m, h = 1.0 m 
2. Re = 50, H = 1.5 m, h = 1.0 m 
Figure 10. Streamline contours for backward-facing step chan- 
nel flow with Re = 10. (a) Upwind scheme, (b) finite analytic 
method, and (c) piecewise parabolic finite analytic method. 
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(__ 
Figure 11. Streamline contours for backward-facing step chan- 
nel flow with Re = 50. (a) Upwind scheme, (b) finite analytic 
method, and (c) piecewise parabolic finite analytic method. 
Table 3. Reattachment distance and T,,,,” for the backward- 
facing step flow. 
Re = 10 Re = 50 
JC T ml” x, YIni” 
UDS 0.458 - 0.00334 1.554 - 0.01484 
FAM 0.531 - 0.00352 1.660 - 0.01487 
PPFAM 0.731 - 0.00454 3.115 -0.01872 
Num9 1.42 
Exp.’ 3.0 
Conclusions 
The following are the main conclusions of this paper: 
1. The PPFAM is capable of producing stable and accu- 
rate simulations of recirculating laminar flows for a 
wide range of Reynolds numbers. 
2. 
3. 
When compared with other more traditional numeri- 
cal schemes (CDS, UDS, and FAM) it produces 
better results both for the cavity and backward- 
facing step flows. 
For the backward-facing step flow the reattachment 
distance predicted by the PPFAM compares well 
with available experimental data, and furthermore 
the predictions are better than those produced by 
CDS, UDS, and FAM. 
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